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Structural Damage Assessment Using a Generalized Minimum
Rank Perturbation Theory
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Recently, the authors proposed computationally attractive algorithms to determine the location and extent
of structural damage for undamped structures assuming damage results in a localized change in stiffness
properties. The algorithms make use of a finite-element model and a subset of measured eigenvalues and
eigenvectors. The developed theories approach the damage location and extent problem in a decoupled fashion.
First, a theory is developed to determine the location of structural damage. With location determined, a damage
extent theory is then developed. The damage extent algorithm is a minimum rank perturbation, which is
consistent with the effects of many classes of structural damage on a finite-element model. In this work, the
concept of the minimum rank perturbation theory (MRPT) is adopted to determine the damage extent on the
mass properties of an undamped structure. In addition, the MRPT is extended to the case of proportionally
damped structures. For proportionally damped structures, the MRPT is used to find the damage extent in any
two of the three structural property matrices (mass, damping, or stiffness). Finally, illustrative case studies
using both numerical and actual experimental data are presented.

I. Introduction

HE advent of the Space Shuttle has prompted consid-

erable attention to the design and control of large space
structures. Due to the large size and complexity of envisioned
structures, as well as the use of advanced materials to reduce
structural weight, it may become necessary to develop a struc-
tural health monitoring system to detect and locate structural
damage as it occurs. From experience gained in the machinery
health monitoring field, one would expect the vibration sig-
nature of the structure, either frequency response functions
and/or modal parameters, to provide useful information in
determining the location and extent of structural damage.

Assume that a refined finite element mode! (FEM) of the
structure has been developed before damage has occurred.
By refined, we mean that the measured and analytical modal
properties are in agreement. Next, assume that at a later date
some form of structural damage has occurred. If significant,
the damage will result in a change in the structures modal
parameters. The question is: can the discrepancy between the
original FEM modal properties and postdamage modal prop-
erties be used to ascertain structural damage?

Most prior work in damage detection has used the general
framework of FEM refinement (system identification) in the
development of damage assessment algorithms. The moti-
vation behind the development of FEM refinement tech-
niques is based on the need to validate engineering FEMs
before their acceptance as the basis for final design analysis.
The standard problem has been to seek a refined FEM that
is as close to the original FEM and whose modal properties
are in agreement with those that are measured subject to
various constraints such as symmetry and sparsity preserva-
tion. A considerable amount of work in this area has been
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published. Extensive literature surveys can be found in Refs.
1 and 2.

Recently, the authors proposed a computationally attrac-
tive technique that approaches the damage location and extent
problem in a decoupled fashion.?® In this work, a theory is
first developed to solve the damage location problem based
on the original n degree of freedom finite-element model and
p measured modes, p << n. Next, a computationally attrac-
tive algorithm which makes use of the knowledge of location
is formulated to determine the extent of damage. A unique
solution for the case of incomplete measurements is arrived
at by enforcing a minimum rank perturbation constraint. This
minimum rank perturbation constraint is consistent with the
effects of many forms of structural damage on a FEM.

In Refs. 2 and 3, the use of the minimum rank perturbation
theory (MRPT) is limited to predicting the damage extent of
the stiffness properties of undamped structures. In the work
presented in this paper, the concept of the MRPT is extended
to determine the damage extent on the mass properties of
undamped structures. The application of the MRPT is further
extended to determine damage extent in structures that ex-
hibit proportional damping. For proportionally damped struc-
tures, the MRPT is used to find the perturbation due to dam-
age in any two of the three structural property matrices (mass,
damping, or stiffness).

II. Damage Detection: Location

A detailed development of the damage location algorithm
is discussed in Refs. 2 and 3. For completeness, a brief
overview of the algorithm is provided. In the formulation of
the damage location algorithm, the structure under consid-
eration is assumed to have an n-DOF damped nongyroscopic
and noncirculatory FEM. It is also assumed that this FEM
has been refined to enforce the correlation of its modal prop-
erties with those measured experimentally. Then, as shown
in Refs. 2 and 3, the eigenvalue problem of a damaged struc-
ture for the ith mode can be rearranged into the form
d

= Zd,vdi

(1)

= (A2AM, + A\, AD, + AK,)v, (1b)
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where Z,, = A7M + A,D + K. The matrices M, D, and K
are given n X nreal symmetric refined analytical mass, damp-
ing, and stiffness matrices of the predamaged healthy struc-
ture. The n X n real symmetric matrices AM,, AD,, and AK,
are the perturbations to the mass, damping, and stiffness ma-
trices, respectively, which reflect the nature of the structural
damage. The variables v, and A, are the ith damaged eigen-
vector and eigenvalue measured experimentally from a post-
damage modal survey. Note that the vector d; can be deter-
mined using known quantities by using Eq. (1a).

In this paper, it is assumed that the dimension of the mea-
sured eigenvectors is the same as the analytical eigenvectors.
This is true when all FEM DOF are measured, after the
application of an eigenvector expansion algorithm,'<-¢ or after
the application of a FEM reduction algorithm.”® The ideal
situation would be to measure all FEM DOFs since the ei-
genvector expansion process would introduce additional er-
rors in the expanded eigenvectors and the model reduction
process would introduce errors in the FEM. It should be noted
that in both cases the additional errors may become significant
as the ratio of measured to unmeasured DOFs become smaller.

When the measured eigendata are not corrupted by noise,
an inspection of vector d; in terms of Eq. (1b) reveals that
the jth element of d; will be zero when the jth rows of the
perturbation matrices are zero, i.¢., the jth degree of freedom
is not directly affected by damage. Conversely, a degree of
freedom whose FEM has been affected by damage will result
in a nonzero entry in d;. This damage location algorithm is
essentially the modal force error criteria as proposed by Ojalvo
and Pilon.?

In practice, the perfect zero/nonzero pattern of the damage
vector d; rarely occurs due to measurement errors in the dam-
aged eigenvalues and eigenvectors. To provide an alternative
view of the state of damage, Eq. (1a) is rewritten as

d} = ziyva, = 1 2llllvallcos(6)) @

where d! is the jth component (or jth DOF) of the ith damage
vector, zi, is the jth row of the matrix Z,, and ] is the angle
between the vectors zi, and v,. In the case when the mea-
surements are free of error, a zero d/ corresponds to a 6/ of
ninety degrees, whereas a nonzero d/ corresponds to a 6
different from ninety degrees. Errors in the experimental
measurements of modal parameters will cause slight pertur-
bations in the angles ¢/ that destroy the zero/nonzero pattern
of the damage vector. One would expect that the components
of d; corresponding to the damaged DOFs would be substan-
tially larger than the other elements. However, by inspecting
Eq. (2), a larger d; component could be due to a z/, row norm
substantially larger than other rows of Z,. Hence, when deai-
ing with a structure whose FEM results in g/, row norms which
are of different orders of magnitude, it is more reasonable to
use the deviation of the angle, 6/, from ninety degrees to
locate the damage.

When the number of measured modes, p, is greater than
one, two different composite damage vectors may be defined
as

1 & 4
d=—- - 3a
P ; (L (32)
1 P
== . 3b
a= 3 la) (3b)

where af = 6/ — 90 deg.

It should be noted that in the multimode measurement case,
Eq. (3b) is preferable when the values of ||z/,| have different
orders of magnitude for each measured mode.

III. Damage Detection: Extent
It is sometimes necessary to determine the extent of struc-
tural damage. Structural damage often occurs at discrete lo-

cations. The effect of damage on the analytical model is often
restricted to just a few elements of the finite element model.
The rank of each element mass, damping, or stiffness matrix
is dependent on the number of degrees of freedom defined
by the element and the shape functions utilized. However, it
should be noted that in general the element matrices are not
of full rank. For example, the rank of the 6 X 6 element
stiffness matrix of a three-dimensional truss element is just
one. Thus, instead of using the matrix Frobenius norm min-
imization formulation to arrive at unique perturbation ma-
trices, minimum rank perturbation constraints are enforced.

Assume that p damaged eigenvalues and eigenvectors have
been measured. Equations (1a) and (1b) can be written in
matrix form, for all p measured modes, as

MV,A2 + DV,A, + KV, = AM,V,A2 + AD,V,A,
+ AK,V,=B

Ay = diag(Ay, Ay - - o5 Ag,) ()]
Va= Vo Vapr - -5 V]
B = [dl’dza' L ’dp]

Note that matrix B can be determined from the original an-
alytical model (M, D, K) and the p measured eigenvalues
and eigenvectors.

A. Theoretical Background

In this section, the theoretical foundation of the MRPT is
derived. This theory will be extensively used throughout the
remainder of this paper.

Proposition 1
Suppose that X, Y, € R * 7 are given where p < n and
rank(X) = rank(Y) = p. Define X to be the set of matrices
A in R * » that satisfy
AX =Y  with AT = A %)
Then,
1a) If the set ¥ is nonempty, the minimum rank of any
matrix, A, in K is p. Next, define J» to be a subset of X
comprised of all A such that rank(A) = p.
Then
1b) If the matrix Y7X is symmetric, then one member of
Hr is given by
AP = YHYT  with H=((Y"Xx)! (6)
and

1c) The matrix defined by Eq. (6) is the unique member
of Kr.

Proof

To prove Proposition 1a, note that Eq. (5) is exactly sat-
isfied if and only if range(Y) is included in range(A), which
is also range(AT) by symmetry. This implies that rank(Y)
= p = rank(A).

To investigate Proposition 1b, assume that the expanded
singular value decomposition of one member, A77, of H? to
be of the form

Ari = UiSiyiT
U= [u,u,...,u)] @)

N
[

diag(o’, o}, . . ., )

where the superscript j indicates the jth family member of ¥~
the u/ are the left and right singular vectors and the g’ are
the nonzero singular values of A7/, In the expanded singular
value decomposition, the (p + 1) to n singular vectors are
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not shown in the factorization because of their corresponding
zero singular values. Note that the left and right singular
vectors are the same because A7/ is restricted to be symmetric.
For Eq. (5) to be satisfied, the range of Y, A»/, A?/" and U’
must be equal. Thus, any column of Y can be written as a
linear combination of the #/s. The matrices Y and U’ are
then related by a unique p X p invertible matrix Q’

Y = UQ (8)
Substituting Eq. (8) into Eq. (7) gives

AP = Y(QIT1SIQI-TYYT = YHIYT )

Thus, each family member is uniquely defined by the facto-

rization of Eq. (6). From Eq. (9), it is evident that H’ is of
full rank because its inverse exists (H'~! = Q/T Zi—1 Q).

Inspection of Eq. (9) reveals that the only unknown term
in the factorization is H’/. By using the factorization of A#~/
as defined by Eq. (9), Eq. (5) can be rewritten as

Y = APiX = (YH'Y")X = Y(H'YTX)  (10)

Equation (10) is satisfied if and only if H/'Y7X = I, , ,, where
I, . ,is the p X p identity matrix. This is true because Y and

X are of full column rank. Thus, H/ is uniquely calculated to
be

Hi= (YTX)! (11)

Proposition 1c follows immediately by inspecting the right-
hand side of Eq. (11). Inspection reveals that H’ is the same
for all members of ¥~. This fact, in conjunction with Eq. (9),
leads to the conclusion that A~ is the unique member of the
set 7. This member is given by Eq. (6).

B. Undamped Structures

In some cases, the damping of the system under consid-
eration is assumed to be negligible. For this type of system,
MRPT-based algorithms are developed assuming that the
structural damage affects only the mass properties or only the
stiffness properties.

1.  Damage Extent: Mass Properties

In this case, it is assumed that the effect of damage on the
stiffness properties of the structure is negligible. With this
assumption, Eq. (4) can be rewritten as

MV, + KV, = AM,V,A2= B (12)

Note that the eigenvectors are real and the eigenvalues are
pure imaginary. Further, the eigenvectors are linearly inde-
pendent, which implies that the matrix product V,A 2 is of full
column rank if rigid body modes are not included. Assume,
for the moment, that B is of full rank (rank(B) = p). Then,
Proposition 1 can be applied to determine the perturbation
matrix, AM,, as

AM, = B(BTV,A2)~'BT (13)

by letting ¥ = B and X = V,A2Z Note that the required
inversion is that of a p X p matrix, where p is the number
of measured modes.

Proposition 1c in conjunction with Proposition 1b implies
that the existence of the unique symmetric rank p solution
requires the symmetry of the matrix product B”V,A2. This
matrix product will be symmetric if the eigenvectors are stiff-
ness orthogonal, i.e., the eigenvectors are orthogonal with
respect to the original stiffness matrix. To see this, consider
the symmetric equivalence

BTV,A3 = A3VIB (14)

Substituting the expression for B from Eq. (12) into Eq. (14)
gives

AVIMV,AY + VIKV,A3 = A2VIMV,A2 + A3VIKV,
(15)

where the symmetry of M, K, and A2 has been used in writing
Eq. (15). From Eq. (15), it is clear that the equivalence is
true if

(VIKV)A; = AAVIKV,) (16)

Equation (16) will obviously be satisfied if the measured
eigenvectors are stiffness orthogonal. Baruch and Bar Itzhack'®
treated one approach to mass orthogonalize the measured
eigenvectors. This approach is entirely compatible with or-
thogonalizing the measured eigenvectors with respect to the
stiffness matrix.

At this point, the extent algorithm defined previously as-
sumes that the matrix B is of full column rank. The next
proposition addresses the case in which the experimental
measurements in conjunction with the matrix B as defined in
Eq. (12) does not produce a B of full column rank.

Proposition 2
Suppose that V,, B € R” *™_are given matrices with rank(V))
= m and rank(B) = p, where p < m < n. Further, suppose
AZ € R™ * ™ is a diagonal matrix of rank m. Define U to be
the set of all matrices, AM?, that satisfies the problem
AMEVEAR? = BP with AMY = AMy (17)
where the superscript p indicates a rank p matrix. It is assumed
that Vs stiffness orthogonal such that the set U is nonempty.
In Eq. (17), V% and B» € R" *» and A5’ € R > ? are cor-
responding full rank submatrices of V,, B, and AZ. Then the
set U contains a single member, AM?, that can be calculated

‘from Eq. (13) using any V7 and B? and A%

Proof
The jth member of the set U is given by
AM? = BriHIBPT with H = (BPiTVEIAEI?) 1
(18)

where the additional superscript ( )-/ indicates the jth mem-
ber of U. The range of any B” is equal to the range of B, thus
the BP# and Br/ are related by

Bpi = Bp;iin/' (19)

where Q' € R? * » and rank(Q/) = p. By utilizing Eq. (19),
Eq. (18) can be written for the ith member of U as

AMPpI = BPJ’(Q!}/'H:’Q:‘,/'T)BP,,-T
with  H' = (Q/Bri VgiAL?) ! (20)

In comparing Eqs. (18) and (20), it is seen that AM%‘ =
AMy ' if

H = Qi.jHiQi.jT (21)
or equivalently,
Hi-1 = Qi,/ THi*TQi,/*l (22)

where Eq. (22) makes use of the symmetry of H'. By using
the definition of B from Eq. (12), B~/ can be written explicitly
as

Bri = MVﬁ'jAﬁ‘fz + KV/Z./' = (MV’,;”'AZ‘iZ + sz’i)Qinil
(23)
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where the latter expression of Eq. (23) utilizes Eq. (19). By
using the definitions H' and H’, Eq. (22) can be rewritten as

Qi.j’T(Al(;J?V/;JTMVZ,jAﬁ.jl + AZ’iZVf}'iTKV’,’,'f)

= QY I (ASPVETMVE AR + VEITKVEIALP)
24)

Recognizing the first term in each parenthesis to be the same,
the only condition such that AM%/ = AM%'is

AP VEITKVE = Vil KVii g (25

There are three distinct cases for which Eq. (25) must be
investigated. The first is the trivial case, in which V%7 =
V- (same eigenvectors used), and thus A%7? = Az Under
these conditions, it is clear that Eq. (25) is satisfied. The next
case to be examined is that V%’ and V%' have no common
eigenvectors. This possibility could occur only if m = 2p. In
this situation, each side of Eq. (25) is identically the zero
matrix because the eigenvectors are assumed to be stiffness
orthogonal. The final case is when V%7 and V' have a com-
mon subset of eigenvectors. Due to the stiffness orthogonality
condition for the uncommon subset of V57 and V&7, as well
as the fact that A%/ and A% have a common subset of
eigenvalues, it is trivial to show by partitioning common and
uncommon eigenvectors/eigenvalues that Eq. (25) is satisfied.
Equation (25) holds even in the general case that the common
eigenvectors are placed in V57 and V% in different column
locations. Thus, not only is the calculated perturbation matrix
independent of which p eigenvectors (and corresponding col-
umns of B) are used, but also independent of the column
order used to construct V7.

Structures often exhibit rigid-body modes of vibration. The
refined finite element model (FEM) defined by the original
mass and stiffness matrix along with the perturbation mass
matrix computed using Eq. (13) preserve the rigid-body char-
acteristics. This is apparent in that the original stiffness matrix
is unchanged and that the rigid-body modes are defined as
modes whose eigenvectors lie in the null space of the stiffness
matrix.

2. Damage Extent: Stiffness Properties

Here, it is assumed that the effect of damage on the mass
properties of the structure is negligible. With the assumption
that the structure is undamped, Eq. (4) can be rewritten as,

MV,A% + KV, = AK,V,= B (26)

This problem is fully treated in Refs. 2 and 3. For the sake
of completeness and convenience, the results are reported
here. By applying the theory in Proposition 1, the pertur-
bation to the original stiffness matrix is found to be,

d = Vo
AK, B(B™V,)~'BT (27)

In Eq. (27), it is assumed that B is of full column rank.

The properties associated with AK, are as follows:

1. The matrix AK, will be symmetric if the eigenvectors
are mass orthogonal.

2. When the matrix B, defined earlier, is not of full rank,
corresponding submatrices of B and V, which have the same
rank as B can be used in Eq. (27). Furthermore, the computed
AK, matrix is independent of the submatrices used if the
eigenvectors are mass orthogonal.

3. The refined FEM defined by the original mass and stiff-
ness matrices and the perturbation stiffness matrix, AK,,, pre-
serves the rigid-body mode characteristics if the measured
eigenvectors and the rigid-body modes are mass orthogonal.
The proofs of the above three properties are treated in Refs.
2 and 3. Note that the proofs of Properties 1) and 2) are
similar to the one presented for AM,, in Sec. II[.B.1.

C. Proportionally Damped Structures

Since many structures have nonnegligible damping, it is of
practical interest to extend the application of the MRPT to
address damped structures. In this analysis, the structure under
consideration is assumed to exhibit proportional damping.
Further, it is assumed that the structural damage has only
affected two of the three property matrices of the structure.

1. Damage Extent: Stiffness and Damping Properties

It is assumed that the effect of the structural damage on
the mass properties is negligible. With this assumption, Eq.
(4) is rewritten as

MV,A3%+ DV, + KV, = AD,V,A, + AK,V,=B (28)
The complex conjugate of Eq. (28) is
AD, VA, + AK,V, = B (29)

where the operator () indicates the complex conjugate op-
erator and the fact that AD,, AK,, and V, are real has been
used in writing Eq. (29). Subtracting Eq. (29) from Eq. (28)
gives

ADdVd(Ad - [\d) = (B - B) (30)

If (B — B) is assumed to be of full rank, Proposition 1 can
be applied to determine the perturbation matrix, AD,, as

AD, = (B — B)H B — B)T
with H, = [(B — B)"V(A, — AY]™! (31
Note that AD, as_defined by Eq. (31) is real. Postmulti-

plying Eq. (28) by A, and Eq. (29) by A,, and subtracting
the two equations leads to

AKdVa'(Ad - Ay = (BAd - BAd) (32)

where the fact that A, and A, are diagonal matrices has been
used in writing Eq. (32). If (BA, — BA,) is assumed to be
of full rank, Proposition 1 can also be applied to determine
the perturbation matrix, AK,, as

AK, = (BA, — BA)H, (BA, — BA)T
with  H, = [(BA, — BA)TV (A, — A)]™! (33)

Note that AK, as defined by Eq. (33) is also real.

2. Damage Extent: Mass and Damping Properties

In this case it is assumed that the effect of the structural
damage on the stiffness properties is negligible. With this
assumption, Eq. (4) is rewritten as

MV,A% + DV,A, + KV, = AM,V,A2 + AD,V,A, = B
(34)

In a similar fashion to that in the preceding section, AM,,
and AD, are determined to be

AM, = (BA, — BA)H,(BA,— BA)T

with H, = [(BAd - BAd)TVd(AtziAd - A/_\zziAd)]7l
(35)
AD, = (BA% — BA3)H,(BA3 — BA%)T
with  H, = [(BA2 — BAYTV (A A2 — AA2)]!
(36)
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Note that AM, and AD, as defined by Eqs. (35) and (36) are
real.

3. Damage Extent: Mass and Stiffness Properties

In this problem, it is assumed that the effect of the structural
damage on the damping properties is negligible. With this
assumption, Eq. (4) is rewritten as

MV,2 + DV A, + KV, = AM,V,A% + AK,V,=B (37)

In a similar fashion as in Sec. III.C.1., AM, and AK, can
be computed as follows:

AM, = (B — B)H,(B — B)T

with  H, = [(B — B)TV/(A} ~ A3)]! (38)
AK, = (BA2 — BA%)H,(BA2 — BA%)T

with  H, = [(BA3 — BA)TV, (R - AD]"'  (39)

Note that AM , and AK, as defined by Eqs. (38) and (39) are
real.

Note that the properties associated with the preceding three
variations of the proposed method are very similar. For any
of the three variations, these properties are as follows:

1) The perturbation matrices will be symmetric if the ei-
genvectors are orthogonal with respect to the unperturbed
property matrix (matrix unaffected by damage).

2) The refined FEM defined by the original mass, damping,
and stiffness matrix, and the computed perturbation matrices
will preserve the rigid-body modes if all eigenvectors are or-
thogonal with respect to the unperturbed property matrix.

3) Let the equation AX = Y be any of the equations from
which the perturbation matrices are calculated. When the
matrix Y is not of full rank, corresponding submatrices of Y
and X which have the same rank as Y can be used in computing
A. Further, the computed A matrix is independent of the
submatrices used if the eigenvectors are orthogonal with re-
spect to the unperturbed property matrix.

The detailed proofs of the preceding three properties can
be found in Ref. 11. These proofs are not reported here,
however they follow very much the same pattern as the proofs
in Sec. IIL.B.1.

D. Computational Issues

A careful review of the proposed damage location and ex-
tent algorithms indicates the computational efficiency of the
approach. The damage location algorithm requires only sim-
ple matrix operations such as matrix multiplication and ad-
dition. In addition to simple matrix operations, the damage
extent algorithm requires the inversion of a p X p matrix,
where p is the number of measured modes used in the extent
calculation. Even for complex structures, the number of mea-
sured modes (p) is typically small.

However, it must be noted that this assessment of com-
putational efficiency assumes that the finite element model
already exists, that a modal test/identification of the structure
has been performed, and that the mismatch in the number of
measured DOFs vs FEM modeled DOFs has been corrected
using either eigenvector expansion and/or FEM model re-
duction. The time/computational burden of these prepro-
cessing steps is obviously dependent on the complexity of the
actual structure under consideration.

IV. Examples

Two example problems are presented to illustrate the char-
acteristics of some of the developed theories. The first prob-
lem is a computer simulated example. In this example, a
proportionally damped model of a 50-bay, two-dimensional
truss is used to illustrate the problem of damage detection in
the damping and stiffness properties. The second problem

involves the determination pf a discrete mass loss in a labo-
ratory mass loaded cantilevered beam using actual experi-
mental data.

A. Simulated Example: Two-Dimensional Truss

The 50-bay, two-dimensional truss used in this example is
shown in Fig. 1. The geometric and material properties of the
truss are given in the figure. Each truss member was modeled
as a rod element. The finite-element model of the structure
has 201 degrees of freedom. The damping of the healthy
model is proportional and equal to 1 X 10~! times the healthy
mass matrix plus 5 X 10-7 times the healthy stiffness matrix.
In this example, damage is simulated by reducing the Young’s
modulus of two members. One of the damaged members is
the upper longeron of the third bay. In this member, the
Young’s modulus is decreased from E = 29 X 10° psi to
1 x 10° psi. The other member is the lower longeron of bay
forty. This member is subjected to a complete loss of stiffness
(Young’s modulus equal to zero). The damping of the dam-
aged model is also proportional and equal to 1 x 10! times
the healthy mass matrix plus 5 X 107 times the damaged
stiffness matrix. Thus, the damage simulated is only affecting
the stiffness and damping properties of the structure. Note
that the damage in the damping properties is proportional to
the damage in the stiffness properties.

For our damage assessment analysis, it is assumed that only
the first ten modes of vibration are measured. This problem
is investigated for three different scenarios. Each scenario
corresponds to a different level of random noise added to the
damaged eigenvectors. In practice the noise in the eigenvec-
tors could be due to both measurement and/or expansion
errors. The first task in this analysis is to use the damage
location algorithm to determine the location of the damage.
Cumulative damage location vectors are first computed for
all three scenarios using the modal properties of the ten dam-
aged modes. The upper-left plot of Fig. 2 represents the exact
damage location computed from the exact damage pertur-
bation matrices (AK, and AD,). The upper-right plot corre-
sponds to the case where the exact damaged eigenvector in-
formation is provided to the damage location algorithm. The
lower-left and -right plots correspond to the cases where the
exact damaged eigenvectors have been corrupted with 2.5%
and 5% random noise, respectively. In practice the noise in

Bayl Bay50
n"

/"
E=29x106 psi p=0.283 Ib/in® A=1. in2 L= 5. in
Fig. 1 Fifty-bay truss.

Exact Damage Modes 1 to 10

1k ] L i
. y !
g 8
S 131
3 g
R k]
gén 0.5+ E ) 0.5+ 1
Q E

0 0

0 100 200 0 100 200
DOF DOF

Modes 1 to 10 + 2.5% error Modes 1 to 10 + 5% error

Damage Indicator
Damage Indicator

0
0 100 200 0 100 200
DOF DOF

Fig. 2 Damage location: first ten modes used.
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eigenvector information could be due to both measurement
and/or expansion errors. As shown in Fig. 2, the location
algorithm is able to exactly locate the damage when presented
with noise-free information. Although not as clean, the dam-
age can still be clearly located in the noisy eigenvector cases.

With knowledge of the location of damage, the rank of the
true perturbation matrix, AK, (or AD,), can be found by
adding the rank of the element stiffness (or damping) matrix
of the damaged members. Hence, the rank of the perturbation
to the stiffness matrix due to damage is two because two
members having rank one element matrices are damaged.
Because the damping of the structure is proportional and the
mass properties are unaffected by the damage, it is deduced
that the rank of the perturbation to the damping matrix is the
same as the rank of the perturbation to the stiffness matrix.
From Propositions 1 and 2, it is clear that only experimental
data from two modes of vibration are needed to compute the
extent of the damage. In the noisy situations, the two modes
that should be used are the ones that most cleanly demonstrate
the damage shown in Fig. 2. These modes can be determined
by inspecting the individual damage vectors. An inspection
of the individual damage vectors associated with the noisy
eigenvectors suggests that determined that modes 8 and 9
provide the best insight into the state of the damage. The
results of applying the extent algorithm [Eq. (33)] to deter-
mine the perturbations to the stiffness matrix due to the dam-
age are shown in Fig. 3. The mesh plots are three-dimensional
representations of the perturbation matrices. The rows and
columns of the mesh plots correspond to the rows and columns
of the perturbation matrices. The height of each peak rep-
resents the magnitude of the perturbation made to each matrix
element. Note that with only two noise-free eigenvalues/ei-
genvectors, the algorithm is able to reproduce the exact dam-
age. The algorithm demonstrates good performance when
faced with noisy eigendata (lower plots). The percentage er-
rors with respect to the exact stiffness damage for all studied
cases are listed in Table 1. The perturbations to the damping
matrix, AD,, due to the damage are estimated by the extent
algorithm [Eq. (31)] with exactly the same accuracy as those
estimated for AK,. In fact, the unscaled mesh plots of the

Table 1 Summary of percentage error with respect to the
exact damage

Percentage error with respect to exact
stiffness (or damping)

Eigenvectors Upper longeron Lower longeron

error of bay three of bay forty
0.0% 0.0 0.0
2.5% - 6.6 7.42
5.0% 22.6 15.3

Exact Damage

Modes 8 & 9

-

Modes 8 & 9 + 5% error

-

Fig. 3 Damage extent: modes 8 and 9.

Modes 8 & 9 + 2.5% error

computed AD,/’s are the same as the ones shown in Fig. 3.
This would be expected since, as reported earlier, the damage
in the damping properties is proportional to the damage in
the stiffness properties.

B. Experimental Example: Mass Loaded Cantilevered Beam

This experiment was designed to illustrate the scenario of
damage in mass properties. The structure used in this inves-
tigation is a cantilevered beam loaded with a nonstructural
mass. A schematic of this beam is shown in Fig. 4. The di-
mensions and properties of the structure are summarized in
Table 2.

An undamped FEM of the mass loaded beam was con-
structed using beam elements in conjunction with the prop-
erties of the nonstructural mass. The beam element has two
DOFs at each node: bending and rotation. A 16-DOF un-
damped FEM was generated using the eight equal length
element discretization shown in Fig. 2. The effect of the non-
structural mass was considered nonstiffening and concen-
trated at node 3. This mass was modeled by adding its mass
and moment of inertia to the node 3 bending and rotation
DOFs, respectively. The mass loaded beam, as described ear-
lier, was considered the healthy configuration. Structural
damage consisted of the removal of the nonstructural mass
from the beam.

Experimental modal analysis of the beam was performed
on the healthy and damaged beam configurations. Modal pa-
rameters were identified using frequency domain techniques
and single-degree-of-freedom curve-fitting algorithms. The
excitation source used was an impact hammer and the driving
point measurement was at the free end of the beam. For each
case, four modes of vibration were measured. Each mode
consisted of a natural frequency and its corresponding mode
shape with measurements at only the eight FEM lateral de-
flection degrees of freedom.

The number of measured eigenvector components (eight)
is less than the number of DOFs in the FEM (16). In fact,
only the bending DOFs of the beam were measured experi-
mentally. Two approaches are available to correlate these
dimensions: expansion of the measured eigenvectors'*¢ or
reduction of the FEM.”# It was found that a FEM reduction
is better suited for this application. Thus, the FEM was re-
duced using the improved reduction system (IRS) method.?

It was found that the original reduced FEM does not ac-
curately predict the dynamic behavior of the healthy beam.
The first step in this study was to refine the original FEM.
For the refinement process, it was assumed that the original
mass matrix is an accurate representation of the structure’s
mass properties. The inaccuracy of the original FEM was
believed to be due solely to modeling errors in the stiffness
properties. The algorithm discussed in Sec. III.B.2. was used
to correct the original reduced stiffness matrix. To get a sym-
metric refined stiffness matrix, the measured mode shapes
(eigenvectors) were mass orthogonalized using the optimum
weighted orthogonalization technique. !

Table 2 Leaded beam properties

Beam length—0.86 m

Beam mass/length—1.246 kg/m

Beam moment of inertia—1.458 X 10-% m*

Beam Young’s modulus—69 GPa

Discrete mass weight—0.7938 kg

Discrete mass moment of inertia—1.1 x 102 kg-m?

Discrete Mass

| ¢

1 2 3 4 5 6 7 8

Fig. 4 Mass loaded cantilevered beam.
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- Modes 1-4

Damage Location - Mode 4

0.5

Damage Vector

o

Damage Extent - Mode 4

Fig. 5 Cantilevered beam: damage assessment.

The next step of this analysis is to determine the location
of the structural damage. Using the refined FEM, the modal
parameters of the four modes of vibration measured from the
damaged beam were utilized to compute a cumulative damage
location vector. Since the values of ||z} ]|, as defined in Eq.
(2), are of different orders of magnitude the cumulative dam-
age location vector should be computed using Eq. (3b). The
upper-left corner of Fig. 5 displays the plot of the unit nor-
malized cumulative damage location vector as calculated by
Eq. (3b). From this plot, it is clear that DOF 3 has been
affected by damage. This is exactly the bending DOF of the
nonstructural mass. The small numerical elements at all other
DOFs can be attributed to experimental measurement noise.

The final step of this analysis is to determine the extent of
structural damage. With knowledge of the damage location,
the rank of the true mass perturbation matrix, AM,, is clearly
one since there is only one DOF affected by the damage and
that DOF is not connected to the cantilevered end. To com-
pute a rank one AM, only one mode of vibration is needed.
As discussed earlier, the mode that should be used is the one
that most cleanly demonstrates the damage detected by the
cumulative damage location vector. Mode 4’s d; was deter-
mined to provide the best insight into the state of damage.
The damage vector, d;, associated with mode 4 is shown in
the upper-right corner of Fig. 5. The calculated AM,, using
mode 4 data is shown in the lower plot of Fig. 5. It is clear
that the extent calculation has concentrated the major changes
at the DOF affected by the damage. From the extent calcu-
lation, the mass loss was estimated to be 0.7947 kg, which is
within 1.1% of the actual mass loss.

V. Summary
In this work, the concept of the minimum rank perturbation
theory (MRPT) is extended to determine the damage extent

2 4 6 8

on the mass properties of undamped structures. The MRPT
is also extended to address proportionally damped structures.
For proportionally damped structures, it is assumed that the
structural damage has affected two of the three property ma-
trices. The process of computing the extent of structural dam-
age using the MRPT is shown to be computationally attractive
and hence suitable for large-order problems. The only com-
putations required in determining the damage in a property
matrix is an inversion of a matrix whose dimension is equal
to the number of measured modes, along with matrix-matrix
multiplications. The performance of the MRPT in assessing
structural damage extent is demonstrated using both numer-
ical and experimental data. The MRPT is also shown to be
applicable for model refinement problems. The performance
of the technique still needs to be evaluated on more:-compli-
cated structures.
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